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UNIFORM TIME OF EXISTENCE FOR THE ALPHA EULER EQUATIONS 


A. V. BUSUIOC, D. IFTIMIE, M. C. LOPES FILHO AND H. J. NUSSENZVEIG LOPES 


Abstract. We consider the a-Euler equations on a bounded three-dimensional domain with fric¬ 
tionless Navier boundary conditions. Our main result is the existence of a strong solution on a 
positive time interval, uniform in a, for a sufficiently small. Combined with the convergence result 
in [3] , this implies convergence of solutions of the a-Euler equations to solutions of the incompress¬ 
ible Euler equations when a —> 0. In addition, we obtain a new result on local existence of strong 
solutions for the incompressible Euler equations on bounded three-dimensional domains. The proofs 
are based on new a priori estimates in conormal spaces. 


1. Introduction 

The a-Euler equations, a > 0, are a system of equations given by: 

(1) dt{u — aAu) + n ■ V(n — aAu) -b — aAu)jVuj = — Vp, divn = 0, 
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where u = (ui, U 2 , u^) is the velocity and p is the scalar pressure. 

These equations arise as the zero-viscosity case of the second grade fluids, a model of non- 
Newtonian fluids introduced in [7] as one among a hierarchy of models of viscoelastic fluids called 
fluids of differential type. The a-Euler equations are also used as a sub-grid scale model in turbulence 
and have been found to possess deep geometric signihcance, see [T3] . 

Note that, if we formally set a = 0 in ([T]), then we obtain the incompressible Euler equations: 

(2) dtu + u-Vu =—Vp, divn = 0, 

since a gradient and can be absorbed by the pressure. 

Existence of smooth solutions for system ([T]) has been established locally in time, in several 
contexts, see 0 , mm and 0. Global existence, however, is an open problem, a situation which 
parallels the outstanding open problem of existence of smooth solutions for the 3-dimensional Euler 
equations ([2]). The main concern of the present work is the existence of smooth solutions of the 
a-Euler equations ([T]) up to a time which is uniform with respect to a. 

This problem needs to be considered in several fluid domains. In the case of flow in all of 
existence of a smooth solution, with smooth initial data, was established for a time at least as 
long as the time of existence for 3D Euler, see [10]. For flow in a smooth, bounded domain with 
no-slip boundary conditions (u = 0), the problem remains open. In this paper we consider flow in 
a smooth, bounded domain G C with frictionless Navier boundary conditions, i.e. 

(3) u-n = 0, [D{u)n]\^^^= 0 on dQ, 

where D{u) is the deformation tensor dehned by D{u) = |((Vn) -|- (Vn)*) and the subscript “tan” 
denotes the tangential part. Our main result is to show that, given a sufficiently smooth initial 
velocity uq, there exists a solution of ([I]) satisfying (j3|), for a time which is independent of a. 

This analogous question may be posed for the Navier-Stokes equations, 

(4) dtu -b u ■ Vu = —Vp + 13Au, div u = 0, 

namely, existence of solutions for a time independent of viscosity v. For this problem, in the case of 
the flow in full-space it is classical that, if the initial velocity is sufficiently smooth, then a smooth 
solution exists up to a time uniform with respect to u, see [12]. For flows in a smooth, bounded 
domain, under no slip boundary conditions, a uniform-in-i^ time of existence is an open problem. 
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In recent work, N. Masmoudi and F. Rousset considered the case of flows in a smooth, bonnded 
flnid domain under Navier boundary conditions with friction coefficient /9 G M: 

(5) M • n = 0, [D{u)n]\^^^+I3u\^^^= 0 on dVL. 

They showed, in [H], that there is a time-of-existence which is uniform with respect to v and, in 
addition, that the vanishing viscosity limit holds. Their analysis relied on estimates in conormal 
Sobolev spaces, where regularity is measured only via tangential derivatives. The conormal spaces 
are a well-known tool in the study of symmetric hyperbolic systems, see for instance [91 [16]. In the 
present article we adapt the ideas developed in [Tl| to our problem. 

We draw two important corollaries from the analysis contained in this paper. The hrst is asso¬ 
ciated with the limit as a —?■ 0 of solutions of the a-Euler equations. To contextualize this hrst 
corollary we briehy survey the known results regarding the limiting behavior of a-Euler as a —?■ 0. 
In the absence of boundaries the convergence to the Euler equations is relatively simple and was 
proved in [TOj; see also [1|. In the presence of a boundary, and under the no-sIip boundary condition, 
the convergence was treated in nn, but only in the 2D case; the three-dimensional case remains 
open. 

In the case of the frictionless Navier boundary conditions, the authors established, see Theorem 5 
in |3|, the L^-convergence, as a —)■ 0, under the additional hypothesis that weak solutions for the 
a-Euler equations exist on a time interval independent of a. This hypothesis is known to hold true 
in dimension two and also for axisymmetric solutions in dimension three. Now, putting together 
the main result in the present work with [H Theorem 5], yields a complete proof of L^-convergence, 
as a —)■ 0, for a general bounded three-dimensional smooth domain. 

The second corollary is a new local-in-time existence result for the 3i9-Euler equations in a 
conormal Sobolev space. We remark that this result is an improvement with respect to the existence 
part of Cl Theorem 2]. 

In addition to the uniform-in-a time-of-existence and the two corollaries mentioned above, the 
proof of our main result requires certain elliptic regularity estimates in conormal spaces, something 
which is not available in the literature in our context, and which we establish here. We also present 
a new approximation procedure, within the class of divergence free vector helds with sufficient 
regularity, measured in conormal spaces. 

Next, we give precise statements of our results. We denote by if™ the space of square integrable 
functions such that all tangential derivatives of order ^ m are also square integrable. The space 
X™ is the same as if™ except that we allow one of the derivatives to be non-tangential. The 
hF™’°° is the space of bounded functions such that all tangential derivatives of order ^ m are also 
bounded. (Precise dehnitions of if™, X™ and hF™’°° will be given in Section |3l) Let us also introduce 
= curl u — a A curl u. 

Our main result is the following theorem. We will assume in the sequel that O is a smooth and 
bounded open set of 

Theorem 1 (uniform time of existence). Letuo be divergence free and verifying the Navier boundary 
conditions ([3]). Assume moreover that uq G and cUq G O where m ^ 5. There exists 

Oo > 0 and a time T > 0 independent of a such that for all 0 < a < ao there exists a solution u of 
([I]) and (|3]) bounded in L°°(0,T;X™ fl independently of a. Moreover, the time existence T 

depends only on ||mo||l 2 , HcUq ||^;^^i.oo and HcUq . 

Combining this theorem with [H Theorem 5] yields, as mentioned, a result on convergence to a 
solution of the Euler equations in O subject to the non-penetration boundary condition 

(6) u ■ n = 0, on 512. 

Theorem 2 (convergence). Let uq be divergence free and verifying the Navier boundary conditions 
l|5|). Assume that uq G ff^ and curlwo) ^ curlwo ^ n Let u be the solution of the incom¬ 

pressible Euler equations ([2]) and ([H]) with initial data Uq. There exists some time T independent of 
a and a solution u°‘ of CDi and ([3)) on [0,T] with initial data uq such that 

lim ||m" — m||l°°(o,T;L 2 ) = 0. 
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As a particular case of Theorem [T] (case a = 0) we obtain a new existence result for the incom¬ 
pressible Euler equations. 

Theorem 3. Letuo be divergence free, tangent to the boundary and such thatuo G and curluo ^ 
Then there exists a unigue local in time solution u of the incompressible Euler equations ([2]) 
and ([6]) with initial data uq such that u G fl and curlu G L°°(0,T; 

As noted, Theorem [3] is an improvement over the existence result for the Euler equations obtained 
in [H], as we assume uq G X^ while in [H] the authors need uq G X’^. Note also that, compared 
to the classical existence result for the Euler equation. Theorem [3] requires only one additional 
derivative. 

The structure of the paper is the following. In the next section we introduce notation and prove 
an identity related to the Navier boundary conditions. In Section 3 we give precise dehnitions of the 
conormal Sobolev spaces and we discuss relevant properties. Section 4 contains elliptic regularity 
estimates in conormal spaces. We prove, in Section 5, a priori estimates, in conormal spaces, on 
the solutions of ([I]). In Section 6 we construct a sequence of approximate solutions and we use the 
a priori estimates from Section 5 to obtain Theorems [T] and [3l We add some concluding remarks 
in Section 7. 


2. Some notations and preliminary results 

Let 

u = curl u and cn" = cn — aXoj. 

Applying the curl to relation ([1]) implies the following equation for the vorticity cu": 
(7) dtu^ + u ■ Va;“ - • Vn = 0. 


We denote by n a smooth vector held dehned on fl such that its restriction to the boundary 
is the unitary exterior normal to the boundary. We assume moreover that ||n|| = 1 in a small 
neighborhood of the boundary fl^ = {x G fl ; d{x,dfl) ^ 5}. We dehne dn = n ■ X inside fl 
too. We introduce a smooth function d : fl —)■ M_|_ such that d never vanishes in fl and such that 
d{x) = d{x, (9fl) for all x G fl^. In other words, d is a smooth version of d(x, dQ). 

For a vector held w we dehne 


Wtan = w X n and Wnor = w ■ n. 

We observe that for any vector helds w and w we have the following relation: 

W ' W UJtan * '^tan T '^nor'^nor OU fl^. 

More generally, the above relation holds true everywhere if one multiplies the LHS by ||n||^. 

We now recall some identities related to the Navier boundary conditions. The proof is included 
for completeness’ sake. 

Lemma 4. Suppose thatu is divergence free and verifies the Navier boundary conditions ([3]). Then 
(8) u X n = —2n x ^ Ui{n x V)nj = F{u) on dTl 

i 

and 

n ■ dnOO = (n X V) ■ F{u) — {n x X) ■ u divn = G{u, {n x X)u) on dfl 
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Proof. Relation ([8]) was proved in [5], Eqn. (14)]. Next, we use that uj is divergence free and write 

{dnOj) ■ n = riiTijdibJj 
hj 

= ^ ni{njdi - nidj)ujj 
hj 


- nidj){niUj) - ^ ujj{njdi - nidj)ni 






''^^{rijdi — nidj){niUj — rijUi) — u ■ ndivu + UjUidjUj 
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= (n X V) ■ (cu X n) — cu • u divn + -u • V(||?7,||^) 

Using ([8]) and the identity uj ■ n = (n x V) • u and recalling that ||n||^ = 1 in the neighborhood of 
the boundary completes the proof of the lemma. □ 


3. Conormal Sobolev spaces 

The conormal Sobolev spaces are dehned by using a family of generator tangent vector helds. 
Here, in order to simplify the presentation we will use a particular family of generator tangent 
vector helds. We dehne it in the following way. Let Uq = {x E fl ; d{x,dfl) < and Ui = {x E 
H ; d{x, dfl) >5/2} and (po, Pi G be a partition of unity subordinated to the open cover of 

given hj Q = Uq U Ui- We have that po is compactly supported in Uq and is equal to 1 in 0.^/2- 
The function ipi is compactly supported in Ui and is equal to 1 in Since ||n|| = 1 on Uq, the set 

is clearly a family of generator tangent vector helds. 

If /5 G is a multi-index, we introduce the notation For m G Id, we introduce 

the so-called conormal Sobolev space Hff which consists of all square-integrable functions / such 
that (9^/ G LfiVt) for all \(5\ ^ m. The norm on Hff is given by 



Z = 


Po 1 -nii 
n2 


) Po 



,Po 



, pond{x, dfl), Pi 


We dehne in a similar manner by using the norm instead of the Lf norm. Finally, let 

X™ be dehned by 

X™ = {/ ; / G Hff and V/ G Hff-^}. 

with norm 

ll/IU- = ll/lk- + l|v/||^^^-i. 

It can be checked that the following identity holds true 

/ 0 \ / ns \ 

n X (n X n) = (n3M2 - n 2 U'i) -ns + {uiUs - usUi) 0 + (^2 Mi - niU 2 ) 

\n 2 J \-niJ 

for any vector held u. So, in view of our dehnition of Z, we have that 

Pon X {nx u) = {nsU2 - n2Us)Zi -h (niWs - n 3 Ui)Z 2 + {n2Ui - niU2)Zs. 

4 



Next, because of the identity ||u|pM = —n x (n x u) + n{n ■ u) and since on the support of <^0 we 
have that ||n|| = 1, we can decompose 


ifQU = —ipoTi X {n X u) + ipQn{n ■ u) 


u ■ n 


= (n2M3 - n3U2)Zi + {nsUi - niU3)Z2 + (niM2 - n2Ui)Zs + — ^^4- 

We also trivially have that ipiu = UiZ^ + ^ 2^6 + u^Zj and since ipQ + ipi = 1 we finally deduce 
that the following decomposition holds true for any vector field u\ 


U = ipoU + ifiU 


u ■ n 


= {n2U3 - nsU2)Zi + {nsUi - niU3)Z2 + {niU2 - n2Mi)^3 H- —Z^ + M 1 Z 5 + M2^6 + u^Zj 

( 9 ) d 
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= y^^ujZj. 

i=l 

A very important property of this “canonical decomposition” associated to the set Z of generator 
vector fields is stated in the following lemma. 

Lemma 5. Let u be a divergence free vector field tangent to the boundary. For any m E N there 
exists a constant C = C{Tn^LLj such that ^ and ^ ^ll^ll ■^^771 + 1,00 for 

every i E {1,..., 7}. 

Proof. From the explicit formulas for the Ui the assertion is obvious except for U 4 . Because u is 
tangent to the boundary, we can apply Lemma [6] below to n • rr to deduce that 


Il“4||i7- - 


u ■ n 


d 


Rm 


^ C{\\u ■ + \\dn{u ■ n)\\H^)- 


We have that 


y^yrijUj) 


yiUj 


( 10 ) 


dn{u-n)^y jiidj 

ij 

niUjdi' 

i,j i,j 

= dnU ■ u + — Uidfiuj + ||?7.|p divu 

id 

= dnU ■ u + nfiujdi — Uidfiuj. 




Because Ujdi — Uidj are tangential derivatives, we immediately deduce that 

\\dn{u ■ n)\\H^ ^ 


so 


||m4||77J2 ^ <7*11771 


H, 


771+1 . 


□ 


A similar argument works for the spaces so the proof is completed. 

We show now the following easy lemma who was used in the proof of the previous lemma. 

Lemma 6. Let f be a function vanishing on the boundary of Q. For each m E N there exists a 
eonstant C = C{m, hi) such that 

f 


and 


d 


Wc, 


R-n 


^C{\\f\\H^^+C\\dJ\\ 


Rn 


^ C{\\f\\w^’°° + C\\dnf\\wS’-°). 
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Proof. The inequalities are obvious in a compact subset of hi because in such a region d has a 
strictly positive uniform lower bound. We only need to prove something in the neighborhood of the 
boundary. Using local changes of coordinates combined with a partition of unity of the neighborhood 
of the boundary and recalling that the conormal spaces are invariant by changes of variables, we 
see that it suffices to prove the stated inequalities in the following setting: 

• n is the upper-half of the unit ball 5+ = {x G ; ||x|| < 1 and X 3 > 0 }. 

• / vanishes on the flat part of i?+: /(xi, X 2 , 0 ) = 0 . 

• the conormal spaces are constructed using the vector helds di, 82 and x^d^. 

So we need to prove that 


\\f ^ C'(II/IIhs + and \\f ^ C'(ll/||wc’ 2 ’°° + C\\dsf\\w;S’^)- 


These bounds are easy to prove since we can write by the Taylor formula 

/ 

— = / d 3 f{Xi,X 2 ,tX 3 )dt 


X 3 Jo 


so 


(X 3 a 3 )^®(//X 3 ) = / {df^d!^^{tX3d3f^d3f){xi,X2,tX3)dt 
Jo 

Taking the L°° norm yields 

||9f‘;^=fe93)'’-(//l3)|k» < ||9f'9?^(:3393)*93/||t» 


while taking the norm gives 

||af (X3a3)^®(//X3)||L2 ^ f \\{d‘^"d^^{tX3d3f^d3f){xi,X2,tX3)\\L2(dx)dt 

Jo 

= \\{di"d^\y3dy^f^dyj){xi,X2,y3)\\LHdx,dx^dy3)^dt. 

The last norm is not on the full domain i?+ (like the other norms). Because of the change of 
variables 1/3 = tx 3 , the domain of integration of the last norm is the subset of 5+ formed by the 
triples (xi,X 2 ,fx 3 ) where x G 5+. Since the norm is taken on a subset of B+, we can bound it 
by the norm on the full 5+ obtaining in the end 

||9f'9^»(is93)*(//is)IU3 < ||9f'9^»(3:393)*93/|U3 r = 2||9f'c^»(x393)«»93/||t3. 

This completes the proof of the lemma. □ 


The next result shows that the gradient of a divergence free vector field is controlled by the 
vorticity and by tangential derivatives only. 


Lemma 7. Let k eN and u be a divergence free vector field. There exists a constant C = C{k,Q) > 
0 such that 

\\Vu\\ ^k,oa ^ U(||a;||^voo -1- ||m||^h-i.oo) 

where u = curlw. 


Proof. In the interior of hi the bound is obvious, so we only need to prove it in the neighborhood of 
the boundary. We will prove it in Qs where ||n|| = 1. 

Because of the identities 

^ = “TTIU X X V) Tr-^{dn) 

\\n\f IpII 

and 

n , N / N 

“ n — X (n X Mj -|- 73 — ^\n ■ u) 

||n|p ||n|p 

we observe that it suffices to bound \\dn{n- ■u)||^fe,oo and \\dn{n x ■u)||^fe,oo. Thanks to flTUD we have 
that 






To bound \\dniji x u)\\y^k,oo, let us consider for example the first component: 

[dn{n X = '^nidi{n2U3 - ugUa) 
i 

= '^ni{din2U3 - din3U2) + - n3diU2) 

i i 

= {dnU X u)i + '^ni[{n 2 di - - ?^i'9g)M2] + 

i 

We infer that 

||^n(^ ^ ^)llndo°° ^ 

and this completes the proof. □ 

We end this section with the following technical results about the conormal Sobolev spaces: 
Lemma 8. a) For a// fc G N and |/3i| + \I32\ ^ k we have that 

(11) I|3^‘/S§"9||l» s; C(||/|U„||9||„., + |I/||«;J|9|U») 

and 

(12) WfgWH^^ ^ C'(||/||Loo||5(||^fc^ + ||/||j/fcJ|5'||L°°)- 
b) The imbedding X"^ C L°° holds true. 

Proof. Relation flTT]) was proved in [TH Lemma 8]. Relation ffT2l) follows from ffTTl) and the Leibniz 
formula. 

We prove now the embedding stated in itemlbj). In the interior of hi the LT™ regularity is the 
same as the regularity. Since in dimension three we have the embedding C L°° the desired 
embedding holds true in a compact region of hi. Therefore, we can assume that we are in the 
neighborhood of the boundary. Using a change of coordinates and a partition of unity, we can 
assume that the domain hi is the half-plane hi = {x ;a:g > 0}. Let us denote Xh = (xi,X 2 ) and take 
some / G X"^. We have that / and Vh/ G By the trace theorem, for all xg ^ 0 we have that 

/(•,xg) and V/j/(-,Xg) G so /(^Xg) G The Sobolev embedding C L°°(E?) 

completes the proof of item |b]). □ 


4. Some ellipticity results in conormal spaces 

We start with the following easy lemma relating velocity to vorticity in conormal spaces. 

Lemma 9. Let u be a divergence free vector field tangent to the boundary. There exists a constant 
Bm = B{m, U) such that the following inequality holds true: 

||m||x"i+i ^ Rm(||M||i2 -|- ||ci;||//m) 

where to = curln. 

Proof. Let <9™ be a tangential derivative of order m. We use [HI Proposition 1.4] to write 
||V52'*^||l2 ^ C{\\d^u\\L^ + II CUrlc?^M||j;,2 -I- II divc}™M||j;,2 -I- lln • d^u\\jjl/2i^gQ)) 

^ C{\\u\\hz + W^Whz + II [curl, a™]n 11^2 + ||[div, (9™]M||i2 + \\[n-,dz]u\\Hi/ 2 ^Q^)) 
where we used that u is divergence free and tangent to the boundary. Clearly 

||[curl,a™]M||L2 ^ C||m||x- 

and 

||[div,a™]M||i2 ^ C||m||x-- 

We observe now that [n-, d^]u is a combination of tangential derivatives of u of order ^ m — 1. But 
if is a tangential derivative of order ^ m — 1 then we have that 

ll^z ^u||j^i/2(gQ) ^ C\\d^ ^u||Hi(n) ^ C'||m||x’"- 
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We infer from the above relations that the following estimate holds true: 

||r(||jjfm+i ^ Cdl-ullx"* + ll^llir^g)- 

Clearly one can now iterate the argument and bound the term ||m||v"* on the right-hand side. After 
m iterations we obtain the desired conclusion. □ 

The main result of this section is the following elliptic estimate: 

Proposition 10. Let m E N. Suppose that u is divergence free and verifies the Navier boundary 
conditions ([3]). There exists oq = and a constant C > 0 such that for all 0 < a < ao we 

have that 

||'u||x’"+i ^ C'(||M||i2 -f- ||a;"||//m). 

Proof. We will in fact show that for 0 < a < (with oo < 1 small enough to be chosen later) 
there exists a constant C such that 

(13) ||M||^m + l + ollcijll^m+l + 0^11 Act'll ^ C*(||'^|Il2 + 

We proceed by induction. We consider first the case m = 0. 

Case m = 0. Since and we need to prove that if 0 < a < oq then 

for some constant C = C(q:o 5 ^)- 
Clearly 


\u 


.0112 
Il2 


— ||ct'||^2 T o II Act'11^2 — 2 q: / oj • Xu 


— Ilct'11^2 T o ||Act '||^2 “1“ 2q:II Vct^II ^2 — 2q: / u • O^u 

Jon 

We use Lemma H] to write the boundary terms under the form: 


I on 


U • OnU / Utan ' {dn^fian T / ^nor 


'an Jan 

I Flpf) • (^djiUfian T / ^nor f?(^) (^ ^ 
Jan 


Jan 

= h+l2. 


We go back to an integral on hi by means of the Stokes formula: 

l2= UnorG{u, {n X V)m) = / WnW^Unor G{u, {n X V)m) = / y^^di[niUnorG{u, (n X V)m)] 
Jan Jan Jn 


so 


1 .^ 2 ! ^ C*(||ci;||2,2||M||/f2 -|- ||ci;||/filltill/fi). 
We use again the Stokes formula to write 


A / -^(^) ’ idnjfitan / -^(^) ' ( ^ 


jtan 


'an 


'an 


'an 


'^niF{u) ■ {diu)t 
i 

= [ y^^di[F{u) • {diU)tan]. 

Jn . 

Expanding the last term above and separating the terms containing second order derivatives of u, 
we observe that we can bound pointwise 

\'^di[F{u) ■ {diu)tan] - F{u) ■ {Au)tan\ ^ G{\u\ + |Vm|)|Vc<;|. 

i 

We infer that 

\h\^G [ (|m| + |Vm|)|Vc^| + C [ \F{u)-{Au)tan\^G\\u\\HA\^oo\\L 2 + G\\u\\L 2 \\Au\\L 2 . 


The previous relations imply that 


an 


OJ ■ dnUj\ ^ C'lli 


+ \\uj\\l 2 ~ ||M||r/i and ||m||l 2 


But we have that ||m IU 2 + 
so we can further write that 

cu • dnU}\ ^ C{\\u\\l2 + |la;||i,2)(||a;||L2 


Jan 

We conclude that 




+ ||a;||j 7 i ~ IImIIh^ (see [HI Proposition 
+ ||Va;||i,2) + C\\u\\l^\\Au\\l^ 

^^||Aci;||^2 + 2a||Va;||^2 — Ca||M||L2|| Aa;||i2 

- Ca{\\u\\L2 + ||a;||L2)(||a;||L2 + || Va;||L2) 

o 




We hnally obtain that 


(1 - Ca)\\u:\\l. + y ||Aa;||i 2 + a||Va;||i 2 - C\\u\\l, 


^ + ^oa|| Va;||^2 

. o 


II'“IIl 2 + ^o||<^"||i2 ^ (1 - C£o)||m||^2 + £ 0(1 - C'a)ll<^|li2 , ^ 

^ C{eo, a)(||M||^i + a^ll Aa;||^2 + a|| Va;||^2, 

provided that a and Eq are sufficiently small. This completes the proof in the case m = 0 
We show now that step m — 1 implies step 


m. 


Step m — 1 implies step m. We assume that we have proved 

(14) ||w|| V- + «l|<^|| v-i + a^||Aa;||^^-i ^ Km-i{\\u\\\2 + ||a;“||^^_i) 

^co ^co 

for some constant Km-i and we want to prove that 

(15) ||n||^^+i + allcull^^+i + a^||Aa;||^^^ ^ Km{\\u\\l2 + ||ta“||^rn) 
for some other constant Km- 

Let (9™ = be a tangential derivative of order less than m: /9 e verihes |/9| ^ m. 

If dw is a tangential derivative, we will denote by 01^ the transpose of dw, he. if dw = Yhi 
then diiWif) = — div W/ — dwf- Because dw is a tangential derivative, we have that 

Jq dwfg = Jq fdwQ for all / and g without need to assume any boundary conditions on / and g. 
We have that 

Wdz^lll^ = \\dz0o\\l2 + a^\\d^Au\\l2 - 2 a j d^u • d^Au 

Jn 

We perform now several integrations by parts: 


( 16 ) 


ajk) ■ SJAu) = - / ■ Au} 

I /o 


= [ V{d^yd^oj-Voj- [ {d^fd^oj-d, 
Jn Jan 


,UJ 


We wish now to commute the gradient with d^. Repeatedly using the formula 

(17) [ didwf g= [ difdwg- [ fg didivw -Y] [ 

Jn Jn Jn ■ Jn 

we observe that we can write 


djfg diWj 


In 


where 


Vid^Yd^oj -Vuj = [ Vd^u-d^Vu + h 


|/i| ^ C||a;|| 
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Moreover, 


^ VS>. d’iVu, = i||VS>||i, + i||5?Vi*,|||, - i|liv,s?]a,||i, 
where the last term can be bounded by 

\\[V,d^]uj\\L.^C\\u\\j,r.. 

It remains to estimate the boundary term in flT^ . To do that, we proceed as in the case m = 0 by 
decomposing to = totan + ^nor and writing 


/ {d^Yd^tO ■d^U0= [{d'SYd'Suj]tan ' {.d^UoYan 

Jan Jan 

= Ji -\- J 2 

Using Lemma [Hand the Stokes formula we can write 

J 2 = / n- {d^Yd^to G{u, {n x V)u) 

Jan 

= V / ^Y{^^Y^z^^ G{u, {n x V)m)] 

= T [ G{u,{nxV)u) 

, Jn 

= E / dYid^Yd^^i] Giu, {n x V)u) 

. Jn 

= J21 + J22 


Ian 


[{d^Yd^^Ur {dnUj) 


+ E / [Giu, in X V)m)] 

+ E / dz~'di [G{u, {n x V)t 


where (9^“*'^ denotes a tangential derivative of order ^ m+1 and <9^ ^ denotes a tangential derivative 
of order ^ m — 1. Clearly 

1^22! ^ G\\d^^^u\\LA\dz~^^[Giu, in x V)u)]\\l^ ^ C'||a;||^^^+i||M||x-+i 
Repeatedly using relation flTTjl we can also bound 

|92i| ^ C'lln^ll 


We go now to the estimate of the term Ji. Recalling that in the neighborhood of the boundary 
we have the decomposition u = n x utan + ^nor n, we can write 


Ji = 



[{d^YdMtan • 


idntoYan 


Ian 


[idzYdzin X tJtan+UJn 


n)]ian 


{dnUj) 


tan 


= / [idzYd^ in X (^tan)]tan ■ idn(^) tan + / Jd^Y^Z i^nor n)]tan ' idnUj)tan = Jll + Jl2- 


Ian 


Ian 


Using Lemma HI the fact that dz is a tangential derivative and that dz is —dz plus a zero order 
term, we deduce that (d'^Yd^inxtOtan) = id^Yd^inx F{u)) = —id^Yd^F{u)tan on the boundary. 
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We infer that 

-^11 = / ni[{dzyd'^F{u)tan]tan ' {diUj)tan 


'an 


= E / di{[{d^yd^F{uy,^u^-{diuyan} 

i 

= E / diilidzyd'SFiuyanyan] ■ {d.Uyan + Y] [ [{ 0 ^)' 0 ^ F {uy^^^an ' 0 ^( 8 ,^) tan] 

= E / diilidzyd'SFiuyanUn] ' {^^U:)tan + E ^ [(^Z ^(«)tan]tan ' 

J Q. J Q. 

+ E / [(^z )*'9^^(«)tan]tan ' (^.O; X diU) 

i 

= 0^111 + <^112 + '^113‘ 

Using relation (1T71) m times we can bound 

|</iii| ^ C'll'^ll JJfm+l ||Cl2||x"*+l 
Integrating by parts m times allows to estimate 


|</ii2| ^ C'II'^^IIh^IIA a;| 


iT" 


and 


l-Ziial ^ C\\u\\ ^CO I I I • 

This completes the estimate of the term Jn. We claim that exactly the same estimates hold true 
for the term J^. Indeed, the key point that allowed us to estimate Jn is the fact that thanks to 
LemmalU on the boundary the expression [{d^yd^{n x ujtan)]tan can be written as a combination of 
tangential derivatives of u of order 2m at most. But exactly the same holds true for the expression 
[{d^yd'^{uJnorn)]tan- Indeed, because of the identity Unor = uj ■ n = {n x V) ■ u and thanks to the 
Leibniz formula, we can write 

[{d^yd^{uJnorn)]tan = {d^yd^{{n X W) ■ uu) X u = {d^yd^{{n xV)-u)nxn + T 

where the expression T is a linear combination of tangential derivatives of u of order 2m at most. 
The hrst term on the right-hand side vanishes, so we can conclude that the estimates we proved for 
Jii hold true for as well. 

From the previous estimates we infer that 

Wd^oo^Wh > Wdz^Wh + otyid^AooWl, + aWVd^caWl, + a\\d^Vu:\\l, 

-C'a(||a;|l ||CJ II J^TTi+l ||CJ II II ti II J^m+1 11CJ 11 11 ti 11 ^m+1 


Summing over all possible choices of we get 


a; 


, o ||2 

\m‘ 


( 18 ) 

where 

R = 


^ ||Ci 2 ||^m -|- CK^ II Act)II-(- Ck|| VCi^ll^m — (JcK(||Cl 211 1111 T 11 ^ 

n 11 II 11 i^co " 

= Mlnsi + «^I|Aw|Ih- + «l|Va;||^^^ - CaR 


jjm+1 hW 
IJ-QO " ' ' 

xm+1 ||a;||x"*+i + Il'i^lIrfsIl^'^ll-ffS 




I ||CJ II J5^m+1 ||CJ II ^"^+1 II W II E 11 ^ 11 1111 H“ 1111 11 ^ 11 E 1111 _ff m l|Aw|| 


To prove ffT5]) it clearly suffices to show that there exists e > 0 and K'^ such that 


( 19 ) 


■Ull^m+l + Q(||Cl2||^m+l + 0(^11 Awll^m ^ JFj^(||'U||^2 + 1111 1 F £||cj'^||^m) 
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Using and (1T8|) we have that 


IImII r 2 + Ijm-l 


I2 > 

I IJm 


; to Lemma [9] we 


I, ,Ol\\Z 

\\H^o ^ 

^^m—1 

estimate 


|m|| jjfm “1“ o.\ 




can 


+ £|lcu||?rm, + 

I > I I 


ea^WAuWjj^ + £a|lV( 


^ \\H^ 


Thanks _ 

1 II ||2 II ||2 ^ II ||2 ^ II ||2 II ||2 \ ^11 ||2 ^ 

W^Wx^ — lyT? W^Wx^ ^ ^ 7777 W'^Wx’^ 


Km—1 


11 ^ 11V ^+1 


provided that e ^ which we will assume to hold true in what follows. Writing also 

1 


2Km-l 

1 


o; 


xm 


K-ra—l 

we infer from the above relations that 


£|lVu;|| 


Rm 


> 


2 Km-l 


|Cl2||j5^m + CiSIICiJII j^m+1 


( 20 ) 


\u\ 


L2 


+ k^' 


a ||2 

7T’ 
' -Wf 


1-1 + k<^ 


a ||2 

Iff” 




1 


d" cr||ci2||^m + cr^llAwll^m-i) 


2 Km-l 

+ C2ei\\u\\% m+l + Cr||Cl2||^m+l + a^AuWjj^J 
It remains to estimate the term CasR. We bound first 


CaeR. 


R — ||c(2 II |[c(2 II J)^m+l -)- ||c(2 II ^m+1 llti II J^m+1 -f- 11 C(2 11 11 ti 11 j^m+1 T 11 li 11 J)^m+1 | [C(2 11 J^m+1 -)“ 11 11// m IIAwll 

^C'dl^ll Xm ||cj|| + ||cj||ji^m+l ||ti||ji^m+l + 11 ti 11 11 11) 

Wg usg next Lgihihr to write ^C{\\u\\ X'^ T ll^llv^^) Qjnd deduce that 

CoceR ^ ||cuIIx^+i(11^IIX'" T ll^llx’") T C*cr£||'ii||jfm|| Acu||j|/m 

C'27 , II i|2 2 ||a I|2 Ml l|2 \ II l|2 


< 


-(cr||ci2||j5('m+l T OL 11 ACi2 11 ) T CsiX T Ct)||w||j('m T C*Ql£'||Cl2||j('m. 


Using this bound in (|2ni) implies that 


||-)/||2 I ||, ,“||2 

II“IIl2 + Whi 


■m—1 

-CO 


C 2 S 

+ ^llcj'^ll^m ^ —-—(||'^||x"*+l d” 

CO 2 






2Km_l 

■u||^m+l + Q;||cu|| jfm+1 + tt 


C 2 E 
-1 


+ «d|Aa;||^.) 

M\x^+<^{7^ -C'^)lk 


k^llx’ 


'm 


'■\\Au\\l^) 


provided that e is sufficiently small. The above relation implies that flT^ holds true. This completes 
the proof. □ 

We will also need some Wl^°° elliptic estimates for the operator 1 — aA in the setting of the 
conormal Sobolev spaces. We start with an L°° bound. 

Lemma 11. There exists a constant C independent of a such that the following relation holds true: 

||h|Uoc +V^||Vh|Uoo+a||Ah|Uoc ^ Udlh-aAhlUoo + lIhlU °°(eo) d- \/a||h||vi/i.°°(ao) d-a||h||ty2.oo('gQ)). 

Proof. We assume first that h vanishes on the boundary of 12. In this case, it was proved in [2|, 
Lemma A.2] the following inequality: 

llVhlli^ ^UllIhlliocllAhlUco. 

From the maximum principle we have that 

||h.||Loo ^ II/i — aA/i||^oo 

so 


II A/i||loo = —\\h — aAh — /i||l°° ^ ~dl^ ~ aAh||L°° + 
a a 


L°°) ^ —||h- — crA/i||. 
a 
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We conclude that 

(21) a\\Vh\\l^ ^ 2Ci\\h\\L^\\h - aAhllLoc ^ 2C'i||h - aAh\\l^ 

which completes the proof in the case when h vanishes on the boundary. 

We consider now the general case. Let iL be a W^’°° extension of to such that ||iL|| ^ 

C||h||i 4 /fe.°°(ar 2 ) for all k G {0,1,2}, where C depends only on fl. Because h — H vanishes on the 
boundary, we can apply relation (1^ to h — H to obtain: 

x/a|| V(h - H)\\loo ^ C\\h -H - aA{h - H)\\loo ^ C\\h - aAhWioo + C\\H\\loo + Ca\\H\\w 2 ,oo 

^ C||h — aAkW^oo + C||h||j;^oo(aQ) + Ca\\h\\iY2,c<,i^QQy 

We infer that 

\/®||Vhll^^oo ^ -y/ttllViLlli^oo + C*||h — aAhllioo + C*||h||icx,(gQ) + C*Q;||/i||vy2,oo(gQ) 

^ C\\h — aAhllioo + C\\h\\Lca(^QQ^ + C^/a\\h\\w^^^{^n) + C'«||h||w2.°°((90)- 

The L°° bound for h follows from the maximum principle and the L°° bound for Ah is obvious 
from the triangle inequality: Q:||Ah||Loo ^ ||h||Loo + \\h — aAh\\L°°- This completes the proof. □ 

We can now prove the estimates for 1 — aA. 

Lemma 12. Suppose that u is divergence free and verifies the Navier boundary conditions ([3]). 
There exists ao = ao(f2) and a constant C = C(f2) > 0 such that for all t) < a < we have that 

Proof. Recall that 

(22) ui — aAu = cu" 
and that 

oj ■ n = {n X V) ■ u. 

Because of the identity cu||n|p = n{u ■ n) — (cu x n) x n and using relation (j8]) we observe that 

uj = n[{n X V) ■ m] — F{u) x n on dSl. 

Therefore, for /c G N, we have the bound 

(23) ||a,|| 

We use Lemma [m to deduce that 

+ \/«||ci;|| v[2i.oo + all Awl 1 2,00 ^ C*(||w“||2,oo + ||w||2,oo(gf2) + \/a||w||vKi-°°(ao) 

(24) + a||a;||vi/2.oo(gf2)) 

^ C*(||w'^||2,oo + ||m||^^i^oo + y^||M||^,j;^^oo + a||M||^y3^oo). 

Next we apply a tangential derivative dz to fl^ and obtain 

dzoj — aAdzOJ = + a[5^, A]w. 

As above, we deduce from Lemma [m the following inequality: 

(25) ||5zi^||l°“ + \/a||V5zi^||Loc ^ C(||(9zw"||i,oo + a||[5z, A]w||loo + ||M||^y 2 .cx, 

+ \/o||M||^y^3^00 + Q:||M||^y4^0o). 

We prove now that the following estimate holds true: 

(26) ||w||^y2,oo C*(||w||i4/i,oo + ||Vw||^yroo + ||Aw||2,°o). 

The inequality is obvious in 12 \ 12^, so we only need to prove it on But in this region we have 
that ||?7,|| = 1 so 

V = —n X (n X V) + ndn- 

Because n x V is a tangential derivative, to prove (l26|) it suffices to show that 

(27) \\d‘^^\\w'^’°°(o.s) ^ C'(||w||i4/i,oo + ||Vw||^roo + ||Aw||l°o). 

13 


But 


A = V • V = (n X (u X V) — ndn) • (n x (n x V) — ndn) 


and 

{ndn) ■ {ndn) = n ■ dnfidn + \\n\\‘^dl = ^dni\\n\\‘^)dn + WnW^dl = dl on Qs 

because ||n|| = 1 on This observation immediately implies relation flTr|) . so fl2B]) is proved. 

Next, since [dz, A]a; is a linear combination of derivatives of second order or less of u, we can use 
relations fl26|) and fl2^ to bound 

cr|| [c?^, A]cj||2^oo ^ C*cr||cn|| 14/2,00 ^ C*cr(||cn||i4/i,oo T || Vca||j^i,oo T ||Acn||ic>o) 

^ Ctt(||cj II 14/1,00 + II VCj||^1^0o) + Cdjcj'^ll^.oo + Ilnll^yl^OO + \/a||M||^y2^00 + « | | M | | yj^S^OO ) . 

Using this relation in the bound for dzOJ given in (j25|) . adding to the bound for 00 given in (IMjl and 
summing over all tangential derivatives dz implies 

ll'^llwio°° \/a||c(;II 14/1,00 + \/a||^ C*cr(||ci;||i4/i,oo + ||VcnH^yroo) 

+ C'(||c<;“||^^r°o + ||-u||^^2^oo + v^||n||^3^oo + a||n||^^4^oo). 

If a is sufficiently small, the hrst term on the right-hand side can be absorbed in the left-hand side 
and the conclusion follows. □ 


5. A priori estimates 

In this section, we prove some a priori estimates for Theorems [T] and [3l These a priori estimates 
will be used in conjunction with an approximation procedure to yield the rigorous existence of the 
solutions in the next section. Let us hrst briehy explain why introduce conormal spaces into this 
problem. 

The standard existence result for a-Euler in three space dimensions gives strong solutions in 
obtained by means of a priori estimates on the velocity. For Navier boundary conditions, one 
does not expect bounds on the velocity uniformly in a, which would be required to obtain a 
time of existence uniform in a. Indeed, if such bounds were available, then by the result from [1], we 
would conclude that solutions of the a-Euler equations converge weakly in to a solution of the 
Euler equation. But weak convergence in carries the Navier boundary conditions to the limit, 
so we would hnd that the corresponding solution of the Euler equation would verify the Navier 
boundary condition, something which is not true in general. 

Something else is needed to obtain a uniform time of existence. Ideally, we would like to prove 
existence of weak solutions, but even though energy estimates are available, the nonlinearity 
is too strong to obtain an existence result from such estimates. We propose instead a new type 
of strong solution, whose regularity involves only one normal derivative and not two or more at 
the boundary. As we explained above, due to the discrepancy between Navier and non-penetration 
boundary conditions, we do not expect to be able to control two normal derivatives of the velocity 
uniformly in a. A similar difficulty is present in the vanishing viscosity limit, and the idea to use 
conormal spaces to deal with it is originally due to Masmoudi and Rousset, see [H]. 

We begin with the a priori estimates required for Theorem [1] 

Proposition 13. Let u be a solution of o with boundary conditions ([3]) and let m ^ 5. There 
exists two constants oq = and C = C{LL,m) such that for all 0 < a < ao the following a 

priori estimates hold true: 

Lit) ^ C(||mo||l 2 llcug ll^m-i^^^coo) + C f Lfis) ds 

Jo 

where 

L = Il'Ulljfmpi^yl.oo -(- ||CJ II . 
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Proof. We start by making ^ estimates on the equation verified by the vorticity given in (|7|) . 
We apply to ([7]), multiply by we sum over \f 3 \ ^ m — 1 and we integrate in space to obtain 

that 

f ■ Va;“)a§a;“ + f = h + h. 

We first bound I2 by using Lemma [HI item a): 

I/ 2 I ^ Clio;" • ^ ||Vm|Uoc + || 

7 ^ 

To bound Ji, we use the decomposition from relation ([2]), u = Yh UiZi, and write 

i=l 


-h= Y1 [ ^ziu ■ 

|/3|<m-l i=l 

= [ Uid’^z^z^u'^d^z^^ + In 

|/3|<m-l i=l 

= T. ill Z.dzMo^"d^z^° + E E / 

|/3|<m-l i=l l/JKm-l *=1 

7 


Ui[df,dzi]uj°‘d'zuj'^ + hi 


= 1 x2 + hs + 7ll, 
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where 

A.= E E 

|/3|<m—1 *=1 

Now, an integration by parts using that u is divergence free and tangent to the boundary imme¬ 
diately yields that In = 0. Next, we observe that [d^, 9zJ is a combination of tangential derivatives 
of order ^ m — 1 so we can bound 

7 

l^isl ^ ^ ^ ||ui||Loo||[a^,azJa;“||L2||a^a;“||i2 ^ C\\u\\^i,h\uJ°'\\l^^^-i 

|/3|^m—1 i=l 

where we used Lemma [5] to bound ||Mi||Loo ^ C||M||^yi.oo. 

We estimate now hi- We remark that it can be written as a sum of terms of the form 

[ dl^udl^oo^d^z^^^ withl^|/ 3 |^m-l, |yi| + |72|^m, |7i|, I72I > 1. 

Jn 

We now estimate a term of the form given above. Since 71 7^ 0 and 72 7^ 0, we can write dz^u = 
d'z^ZjU and = df^dzk^°‘ for some j and k. Clearly I73I d- I74I ^ m — 2 . Using Lemma [HI item 

a) with k = m — 2 and Lemma [H] we observe that we can bound 




dl^u dl^u^ 


^ \\dl^dz,udfdz,ujh\L4d^z^h\L^ 

^ C{\\dzjU\\L°°\\dz^UJ°‘\\H^-2 + \\dzjU\\jjm-2\\dz^,UJ°'\\L°°)\\(.^°‘\\H^-^ 
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We obtain from the previous relations the following differential inequality for the ^ norm of 


(28) ^ 11//’"-!(II^^11-L°° “b I1 m||^ 2 , 00 )-|-C*||cj 

We recall now that the quantity ||m |||2 + 2a||Zi)(M)||^2 is conserved. Let us introduce the following 
norm: 

lltilly^ = ||m||^2 + 2 a\\D{u)\\‘l2 + 

Then from Proposition [TUI we have that ||m||x”i ^ C'||M||ym. From fl2SD we infer that 

l9t||M||ym ^ C'll'li II ym ( II Vtill -p ||'li||^^ 2 ,cx) T 11 11 ,00 ) . 

From Lemma 0 we deduce that 

IIVmIIl^^ + ||M||^y2^oo ^ C(||a;||ioo + IlMH^a^oo) 

From the maximum principle applied to the operator 1 — aA and using relation 0231) we deduce 
that 

||i^||l°° ^ ll'^'^II.J^°° “b ||i^||L°°(ao) ^ ll'^'^IU°° “b C*||m|| 

so that 

(29) llVitllioo + ||M||^y2^oo ^ C*(||cj IIloo + ll^lliy,?o°°) ^ ^dl'^ lli°° ”b ll'^llx'*) ^ ^dl'^ l|i°° “b ll'^lly’") 
where we used the embedding C L°° proved in Lemma [H item|b]). We conclude that 


(30) 


9i||u||ym ^ C||M||ym + C 11 M 11 ym ||cj II ^1, 


It remains to estimate the Wl^°° norm of cu". To do that, we use the equation for uj^ given in 
O- We view it as a transport equation with source term a;“ • Vu. We have that 


(31) 


||^'^(^)||l°° ^ ll'^o IU°° “b / ||ci;'^(s)lli^oo II V'u(s)lli^oods 

Jo 

^ ||i^o||l°° ^ [ ll'^^('®) ll^'®” dl'^'^('®) ll^°° “b ll'u(s) ||ym)(is 


Next, we apply a tangential derivative dz to ([7]) and recall the decomposition u = to 

i=l 

obtain 


dtdzu:^^ + dz{J2^idz^^n - ^z(u;“ ■ Vu) = 0 


2=1 


SO 


dtdzu^ + U ■ VdzUJ^ = -Y, Qzu^dz^uj^ - Y, Mdz, dz^oo^ + ^^(0;“ • Vu). 


We infer that 


2=1 


.t 7 

||5z<^“(t)||L°° ^ ||5 z<^oI|l°° + / II + ^^Ui[dz, dzi](^°' — dz{i>J°‘ ■ Vm)|| 

i=i i=i 


2 = 1 




Summing over all Z and adding to (l3T|) we get the following bound for the norm of w": 

ll^”(t)|lwcb°° ^ ll'^O llwch°° [ ll'^”('®) IU°° dl'^'^('®) I|7'°° b" ||m(s) ||ym)ds 

Jo 

+ C [ (||-u(s)|Wi 00 + II V'u(s)|Wi,oo)||a;"(s)|Wi 00 ds. 
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Next, we estimate ||-u||^i,oo ^ C||m||^ 2 ,oo ^ C||m||x 4 ^ C||M||ym. It remains to bound ||Vm||^i.oo. 
To do so, we use Lemma [7] and Lemma [12] to write 

^ C(||a;"||^roo + ||■u||^2^oo + \/a||-u||^^3^oo + Q!||m||^4^oo) 

^ C*(||ci;“||^ynoo + ll'ullym + \/® 11 11 ) • 

The last term on the right-hand side can be estimated using Lemma (9] the relation flT3l) and the 
embedding C -L°°: 

(32) \/a||M||vi/4,oo ^ Cy/aWuWxe- ^ Cx/a(||M||L2 + ll^^ll^sj ^ C(||m|U 2 + ||i^"|k4j ^ C||M||ym. 

where we used that m ^ 5. We conclude that 

y™)|la;"(s)||^^i.cx, ds. 

Combining the above relation with fl30|) integrated in time implies that the quantity 

F{t) = ||M(t)||y- + ||a;“(t)||^i,- 

verihes the following relation 

F(t) ^ CIlMollLa-|-C-v/all Vmo||i ,2 -1 -CIIcjq -1-CIIcuq -l-C f F^[s)ds 

Jo 

^ C'||mo||l 2 + CIIcuq Cllcug ll^^cooC [ F‘^{s)ds 

Jo 

where we also used Proposition [101 We hnally deduce from Proposition [10] and from relation (j29]l 
that L ^ CF ^ CL. This completes the proof of Proposition [13] □ 

We observe now that the previous a priori estimates go through for solutions of the Euler equation, 
even with a small improvement. 

Proposition 14. Let u be a solution of the incompressible Euler equations ([2]) with boundary 
conditions dO]). There exists a constant C = (7(12) such that the following a priori estimates hold 
true: 

M{t) ^ C(||-Uo||l2 ||wo||ji^3 ^ 

Jo 

where 

M = ||M||x4(-|5yl,CX) -|- ||Ct’||^yCoo. 

Proof. We observe that even though now we don’t assume u to verify the Navier boundary condi¬ 
tions, the a priori estimates proved in Proposition [13] remain valid when a = 0 too. Indeed, the 
only results from the previous sections that use the Navier boundary conditions are Proposition [TOl 
and Lemma [121 But when 0 = 0 the conclusion of Lemma [12] is trivially true without requiring any 
boundary condition at all, and the conclusion of Proposition [10] becomes the same as the conclusion 
of Lemma [9] 

Moreover, if we go back to the proof of Proposition [TS] it is easy to see that the hypothesis m ^ 5 
was used only in relation f[32|) . In the rest of the proof the hypothesis m ^ 4 is sufficient. But when 
a = 0, the relation f[32]) is not required in the proof (and moreover it is trivially verihed because 
the left-hand side vanishes). So in the case a = 0, the a priori estimates proved in Proposition [13] 
are valid for m = 4 and without need to assume the Navier boundary conditions. This completes 
the proof. □ 


cu' 


‘WII 


w, 


1,00 


^ ll<^; 
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6. Approximation procedure and end of proofs 

In this section we constrnct an approximation procednre that will allow us to turn the a priori 
estimates from the previous section into a rigorous result of existence of solutions. We need to 
approximate the initial data by a sequence of smooth vector helds which belong to and are bounded 
in the same function spaces as uq, that is, in conormal spaces. Density results for conormal spaces 
are known, see for example [13 US]- However, these density results are false within the class of 
general divergence free vector helds. Indeed, it is proved in [151IIB] that is dense in A 

similar density result cannot be true for divergence free vector helds because a divergence free vector 
held has a normal trace at the boundary. If that normal trace is not vanishing, then no sequence of 
divergence free vector helds can converge to this vector held. In our case, a new approximation 
procedure must be invented and it is not at all obvious how to proceed. 

Let P be the Leray projector, i.e. the orthogonal projection on the space of divergence free 
vector helds tangent to the boundary. The idea of our procedure of approximation of a divergence 
free vector held oo in conormal spaces is given in the following lemma. It consists in observing that 
to — Po; belongs to the same Sobolev space as to but without the conormal subscript. So cu — Pcu 
can approximated using standard density results for the classical Sobolev spaces. As for Pm, since 
it is tangent to the boundary the obstruction mentioned above disappears, and it is not hard to 
approximate it with smooth divergence free vector helds in conormal spaces. 

Lemma 15. Letm ^ 2 anduo G he a divergence free vector field. Thenoo—¥u G 

Suppose in addition that to G , that m ^ 4 and that there exists some such that to = curl-^. 
Then there exist two vector fields fii and ^2 such that: 

(33) to = curl('0i + -^ 2 ) o^nd fii + ^2 = — Vp for some p, 

(34) Vfii G divfii = 0, fiixn = 0 on dn, 

fi2 e 


Proof. We show hrst that to ■ n E X™ Because ^ ^ in the interior of D, it suffices to 

show it in But in that region we have that ||n|| = 1, so 

V = —n X (n X V) + ndn. 


We infer that 
Clearly n ■ Onto 


— [n X (n X V)] ■ to + n ■ dnto 
dn{to ■ n) — dnU ■ to so 


divcn 


0 


dn{to ■ n) = dnn ■ to +[n x {n x V)] • to. 

The right-hand side belongs to We infer that V(ci; • n) G so to ■ n E 

Now, let be a tangential derivative of order ^ m — 2. Because to ■ n E we have that 

■ n) E H^{Q) so H^{dVt). We conclude that to ■ n\Q^E 

Next, from the properties of the Leray projector we know that there exists some q E H^{VL) such 
that 

to — ¥to = Vg. 

Recall that Po; is divergence free and tangent to the boundary. Applying the divergence and taking 
the trace to the boundary of the above relation, we observe that q verihes the following Neumann 
problem for the laplacian: 


Ag = 0 in D 
dnq = to ■ n on dfl. 


I 3 

Because to ■ (dfl), the classical regularity results for the Neumann problem of the 

laplacian imply that g G H^{Q). This completes the proof of the first part of the lemma. 

To prove the second part, let us dehne w = to — Pen. From the hrst part of the lemma we 
know that w E Since m ^ 4, by Sobolev embedding we have that C so 
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we have in particular that w G ^ n W}f°. Since u also belongs to this space, we infer that 

Pw e n 

Next, since Po; is divergence free and tangent to the boundary one can apply [3l Theorem 2.1] to 
hnd two vector helds '0 and Y such that 

Pcu = curl ij + Y, '^\q^= 0, 
divy = 0, curlF = 0, F • 0. 

The vector held Y is obviously smooth (as a consequence of [HI Proposition 1.4] for example). Let 
h be the solution of 

Ah = div'ijj in 
h = 0 on d^l 


and let us dehne 

^> 1 = Ip — Vh. 

Because h vanishes on the boundary and n x V are tangential derivatives, one has that n x Vh = 0 on 
the boundary. From the relations above one can readily check that ipi has the following properties: 

curl'll = Pcu — F, div-^i = 0 and x n = 0 on dVL. 

Because F is smooth and Pcu G we infer that curl-^i G As in Lemma lH one can 

deduce that Tpi G Indeed, the only difference between the setting of that lemma and the 

present setting is that in Lemma [9] the vector held is tangent to the boundary while here it is 
normal to the boundary. Nevertheless, the proof goes through by replacing the elliptic estimate 
given in [HI Proposition 1.4] with the elliptic estimate corresponding to normal vector helds given for 
instance in [H Corollary 2.15]. So we can conclude that ipi G X™. From the embedding X^ C L°° 
we further obtain that 'ipi G Since Pcu G we have that curl'll G . Recalling that 

"01 is divergence free, we infer from Lemma [7] that VV'i G Relation fl3T|) is completely proved. 

We dehne next 

1 p 2 = P(V' - ^l)- 

From the properties of the Leray projector we know that there is some p such that 

Ip - i>i - i >2 = Ip - ipi - P('0 - pJi) = Vp. 

Taking the curl of the above equality shows that relation fl33|) holds true. Finally, we observe that 

curl-02 = curl-^ — curl-^i = oj — + Y = w + Y G 

Recalling that "02 is also divergence free and tangent to the boundary, we can apply [HI Proposition 
1.4] to deduce that ip 2 G This completes the proof. □ 

In the next proposition we use the previous lemma to construct a sequence of smooth approxi¬ 
mations of the initial data. 


Proposition 16. Let u be a divergence free vector field verifying the Navier boundary conditions 
l|3|) and such that u G and cu" G n where m ^ 4. There exists a seguence of smooth 

divergence free vector fields Un verifying the Navier boundary conditions such that Un ^ u in 
and such that 

(35) ||Mn||L2 + \\^n\\H^o~^ + ^ C{\\u\\l2 + |]a;"|]^m-i 4- ||a;"||^^i^oc) 

for some constant C = C{m, 12). 

Proof. Let v = u — aAu so that uj°‘ = curln. Because a;“ is divergence free, we can apply the 
previous lemma to w" to deduce the existence of some vector helds fix and ip 2 such that 

uj°‘ = curl('0i -1- ^> 2 ) and fix + ^>2 = v — Vp for some p, 

V’l G X”^ n Vfix e div V’l =0, fixXn = 0on 912, 

1 P 2 e i7™(12). 


19 


Let : M+ [0,1] be a smooth function such that (p{s) = 1 pour s > 1 and V9(s) = 0 for s < 1/2. 
We dehne = (p{d/e) and Clearly -0^ ipi in as £ —?■ 0. Moreover, we claim 

that curl-^f is bounded in H'^~^ 


^co 


uniformly in £. To prove this, we start by writing 

1 , _ , , /d' 


curl 'ipl = ifs curl ipi — ipi x V(pe = curl ipi - 'ijji xVd ip' j. 

We remark now that for every fc G M the functions (p^ are bounded in W^^°° uniformly in £. 
Indeed, if dz is a tangential derivative, we have that 

dzd ,fd 
oz^e = -^<-9 1 ^- 

Since d vanishes on the boundary and dz is a tangential derivative we have that dzd vanishes on 
the boundary. Because the support of ip'{d/e) is included in for e sufficiently small, the mean 
value theorem implies that \dzd\ ^ C£||d|| v(/2.oo(q^) on the support of ip'{d/e) (we assumed that £ is 
sufficiently small). So dzp>e is uniformly bounded in e and a similar argument works for the higher 
order tangential derivatives of ip^. 

Since ip^ is bounded in uniformly in e and curl-^i G n , the Leibniz formula 

immediately implies that (pecmlipi is bounded in n uniformly in e. 

We remark next that since d vanishes on the boundary, its gradient is normal to the boundary. 
But ipi is also normal to the boundary, so '01 x Vd vanishes on the boundary. We can therefore 
apply Lemma [6] to deduce that 


C|| 


01 X Vd, 


0 C'(||0i||x™' + ||0l|lvyC°° + ||V0l||iyC°o). 

is bounded independently of e in any W^f^. We 
conclude by the Leibniz formula that -0i x Vd ^7'^ -ip'[-) is bounded independently of 

£ in n 

We infer from the previous relations that curl0^ is bounded independently of £ in H 

Since 0f is compactly supported in 12, it can be smoothed out by convolution with an approximation 
of the identity. Letting e —)■ 0 afterwards, one can construct a sequence 0” of smooth vector helds 
such that 0 / —)■ 01 in and such that curl 0 / is bounded in n 

Next, by density of smooth functions in id™, there exists a sequence of smooth vector helds 02 
such that 02 02 in id™. Since m 0 4 we have the Sobolev embedding dd™ C so curl 02 is 

bounded in id™“^ n Let = 0" + 02 . Then —)■ 0i + 02 in and curlu„ is bounded in 

dd™“^ n BW°°. Let Un be the solution of the following Stokes problem: 

Un — aAun = Vn + ''^Pn, div= 0, Uji verihes the Navier boundary conditions ([3]). 

Since 0i + 02 = n — Vp, we observe that u verihes the following Stokes problem: 

u — aAu = 01 + 02 + Vp, divM = 0, u verihes the Navier boundary conditions ([2]). 

But regularity results for the above Stokes problem are known. We can deduce for instance from 
[5l Theorem 3] that \\un — u\\h 2 0 \\vn — 0i — 02 ||l 2 0. Since Vn is smooth, the same theorem also 

implies that Un is smooth. Moreover, a;“ = curl(M„ — aAun) = curl-y„ is bounded in id™“^ n hlW°°. 
Finally, one can also easily keep track of the estimates in the above arguments and deduce that 
relation (15^ holds true for some constant C. The sequence Un has all required properties and this 
completes the proof. □ 

This proposition allows us to hnish the proof of Theorem [TJ 

Proof of Theorem [IJ From the previous proposition, we deduce the existence of a sequence of smooth 
velocity helds Uq verifying the Navier boundary conditions such that Mq —?■ Uq in and such that 


0 C(||0i X Vdl 


+ ||<9n(01 X Vd) II 


As above, one can easily check that -ip' 




a,n I 
0 


\Hl 


1—1 ~\~ CU| 


a,n I 
0 


I Wet 


0 C'(||no||L2 + ||ci;| 


0 WHl 


1 “ 1 “ 


0 II 


Using the result of [5], one can construct a local solution u" with initial velocity Uq. This solution 
is smooth. Indeed, even though the result of [5j is stated only in it easily goes through to any 
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with m ^ 3. Moreover, the blow-up of the solution cannot occur while the Lipschitz norm of 
the solution is bounded. On these smooth solutions, the a priori estimates proved in Proposition 
[13] are valid. Therefore, we obtain a bound on the quantity L{t) on a time interval [0,T„] of size 


T = 

n 


c 


\Uo\\l2 + kUn 


I H. 


1-1 -f- CUn 




C 


IVKl, 


\\uo\\l^ + 


HU. 


+ kU| 


= T. 


o\\w,\ 


In particular, we control the Lipschitz norm of the solution on [0, T] where T does not depend on 
n. Because the Lipschitz norm of Un is bounded uniformly in n on the time interval [0,T], we infer 
that the solution of ([T]) and Q exists at least up to the time T. Finally, given that the solutions 
are bounded in with respect to n, passing to the limit as u ^ cxo on [0,T] is quite simple and 
standard. This completes the proof of Theorem [T] □ 


As mentioned in the introduction. Theorem [2] is a direct consequence of Theorem [T] and of [H 
Theorem 5]. 

Finally, to complete the proof of Theorem [3] one can turn in a similar manner the a priori 
estimates of Proposition [T3| into a rigorous result of existence of solutions provided that we can 
construct a suitable sequence of smooth velocity fields approximating the initial velocity field. This 
is performed in the next proposition. 


Proposition 17. Let u G X"*, m ^ A, be a divergence free vector field tangent to the boundary 
such that CO = curlu G . There exists a seguence of smooth divergence free vector fields Un 

tangent to the boundary such that Un ^ u in and such that 

(36) ^ C*(||w||x^ + 

for some constant C = C{m, 12). 

Proof. We apply Lemma US] to u to hnd two vector helds fii and -02 such that: 

to = curl ('01 -f- 02 ) and 0i -f- 02 = u — Vp for some p, 

01 G n V01 G div0i =0, 01 X n = 0 on dVt, 

02 G 

As in the proof of Proposition [161 we can construct two sequences of smooth vector fields 0k and 
0k such that 

• 0k —)■ 01 in 

• curl 0k is bounded in fl 

• 0k ^ 02 in iP™; 

• curl 0k is bounded in fl 

We dehne 

Un = P(0k + 0k)- 

Because 0k and 0k are bounded in so is Moreover, since Un and 0k -|-0k differ by a gradient 
we have that Un = curlu^ = curl(0k -f- 0k) is bounded in fl . From Lemma [U] we infer 

that Un is bounded in X™'. Next, since P is a bounded operator on we have that 

lim Un = lim P(0k + 0k) = P lim (0k + 02) = Pltki + 02) = P(m — Vp) = u in . 

n—>-cx) n—>-cxD n—^oo 

Keeping track of the estimates one can deduce relation ([561) for some constant C. This completes 
the proof. □ 

We can now complete the proof of the last theorem in this paper. 

Proof of Theorem 0. According to Proposition [T3 there exists a sequence Uq of smooth divergence 
free vector helds tangent to the boundary such that u^ —)> Uq in and 

^ C'dlwolU^ + ||<^o|liyr“)- 

One can construct a smooth local in time solution u” of the Euler equation ([2]), ([6]) with initial 
data Mo- By the Beale-Kato-Majda criterion, the solution does not blow-up as long as the Lipschitz 
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norm of Un does not blow-up. The a priori estimates of Proposition [T4l hold true. By the Gronwall 
lemma, the quantity M(t) stays bounded on a time interval T„ such that 


T = 

-^n — 


c 




c 




c 


\Ur 


L2 + ll'^ollns ll'“ollx4 + ll^^o ll“o||v:4 + ||i:^o|lvyr°° 


= T. 


So the solution exists up to time T and its Lipschitz norm is bounded on [0,T]. Then one can 
easily pass to the limit and show that m" converges to a solution of the Euler equation with the 
required properties. □ 


7. A final remark 

We begin this section with the observation that it is possible to extend our result on the uniform 
time of existence to the second grade fluid equations, given by 

(37) dt{u — aAu) — uAu + u ■'V{u — aAu) -1- — aAu)j'Vuj = — Vp, divw = 0, 

j 

as long as vja is bounded. Indeed, the vorticity equation can be written under the form 

5 ^0;" -I- — 0 ;“ — —u + u ■ Va;“ — • Vu = 0. 

a a 

If vja is bounded, then the two additional terms are not worse than the others so that estimates 
similar to the ones developed above hold true, giving the same results. Putting this together with 
in Theorem 5] we obtain that, under this restriction on i/, a, the limit of solutions of the second 
grade fluid equations is a solution of the Euler equations. 

Note that the second grade fluid equations are an interpolant between the Navier-Stokes equations 
(a = 0) and the a-Euler equations = 0). The work by Masmoudi and Rousset refer to the 
extremal a = 0, while the results contained in our paper, together with the extension discussed 
above, correspond to the cases o = 0(a). This raises the possibility that, combining our arguments 
with those of na, a general result for the second grade fluid equations could be obtained. 

One additional problem left open is to extend this work to Navier boundary conditions with 
nonzero friction coefficient, such as were treated in na. 
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